In this article, we have investigated peristaltic mechanisms in a two dimensional nonuniform channel filled with Herschel-Bulkley fluid. Problem is studied under the assumptions of long-wavelength and low-Reynoldsnumber approximation. The fluid flow is investigated in the wave frame of reference moving with the velocity of the peristaltic wave in a channel. Exact solutions for the velocity field, temperature profile, stream functions, and pressure gradient are obtained and illustrated graphically for different parameters of interest such as α (angle of inclination), τ (the ratio of yield stress), φ (amplitude ratio), Pr (Prandtl number), and Q (mean flow rate) etc.
Introduction
Peristaltic mechanism is a fluid transport induced by a progressive wave of area contraction or expansion along the walls of a distensible duct containing fluid. Peristaltic pumping occurs in many practical applications involving physiological, biochemical, and many engineering processes such as those that occur in the ureter, gastrointestinal tract, ducts afferents of the male reproductive tracts, cervical canal, fallopian tube, lymphatic vessels, small blood vessels, transport of slurries, sanitary fluid transport blood pumps in heart lung machine, and transport of corrosive fluids where the contact of the fluid with the machinery part is prohibited (in industry). Mathematical and computer modelling of the peristaltic motion has attracted the attention of many researchers starting with the work of Shapiro et al. [1] . Later, Pozrikidis [2] used boundary integral method to study the peristaltic flow in a channel for stokes flow and studied the relationship of molecular convective transport to the mean pressure gradient. After the pioneering work of Shapiro and Pozrikidis, studies of peristaltic flow in different flow geometry have been reported analytically, numerically, and experimentally by a number of researchers [3] [4] [5] [6] .
Recently, the motion of non-Newtonian fluids has been considered and only a limited attention is available in [7] [8] [9] . There are two main problems when we are dealing with the non-Newtonian fluid. The first is that an additional nonlinear term appears in the equations of motion, rendering the problem more difficult to solve. The second is that a universal non-Newtonian constitutive relation that can be utilised for all fluids and flows is not available. The flows of non-Newtonian fluids are important due to their wide range of applications. Such applications include food mixing and chyme movement in the intestine, flow of plasma, flow of blood, a Bingham fluid, flow of nuclear fuel slurries, flow of liquid metals and alloys, flow of mercury amalgams, and lubrications with heavy oils and greases, etc. The peristaltic transport of a Herschel-Bulkley fluid in a channel and tube is investigated by Vajravelu et al. [10, 11] . The interaction of peristalsis and heat transfer has been recognised and has received some attention [12] [13] [14] [15] [16] [17] [18] [19] [20] as it is thought to be relevant in some important processes such as hemodialysis and oxygenation. Akbar and Nadeem [21] presented mixed convective magnetohydrodynamic peristaltic flow of a Jeffrey nanofluid with Newtonian heating. They got the homotopy perturbation method (HPM) solutions for nanoparticle fraction and heat transfer phenomena while exact solutions for stream function and pressure gradient. Ellahi et al. [22] presented analytical solutions of unsteady flow of Jeffery fluid through stenosed arteries with permeable walls. According to them, velocity field decreases with an increase in the permeability parameter. Very recently, Akbar and Nadeem [23] applied the Rabinowitsch fluid model in peristalsis. They presented the solution for the nonlinear model. In another article, Ellahi et al. [22] studied the effects of heat transfer and nonlinear slip on the steady flow of Couette fluid by means of Chebyshev spectral method.
The purpose of this paper is to study the nonlinear peristaltic flow of a Herschel-Bulkley fluid in an inclined channel with the effects of heat transfer analysis. The nondimensional problem is formulated in the wave frame under long-wavelength and low-Reynolds-number approximations. Exact solutions for the velocity field, temperature profile, stream functions, and pressure gradient are obtained and illustrated graphically. Expressions for the pressure rise are calculated by performing numerical integration with the help of software Mathematica. In order to study the quantitative effects, graphical results are presented and discussed for different physical quantities.
Basic Equations
The basic equations governing the flow of an incompressible fluid are [10, 11] div , = V 0
(1)
where V is the velocity, f is the body force per unit mass, ρ is the density of the fluid, d dt is the material time derivative, and σ is the Cauchy stress defined by
where D is the symmetric part of the velocity gradient, that is,
Also, -PI denotes the indeterminate part of the stress due to the constraint of incompressibility, μ and η are viscosities, Q is the heat flux vector, e = ρc p is the specific internal energy, and r 1 is the radiant heating, and in the present problem, we ignore the radiant heating for simplicity. According to the Fourier law,
where k is the constant of thermal conductivity and T is the temperature. Since we are dealing with the twodimensional flow, therefore, As the strain rate increases and the yield stress threshold, τ 0 , is passed, the fluid behaviour is described by a power law [10, 11] 
where k is the consistency factor and n is the power law index.
Mathematical Formulation and Solution of the Problem
We are considering the peristaltic pumping of a Herschel-Bulkley fluid in a channel of half-width a. Suppose we have a longitudinal train of a progressive sinusoidal wave on the upper and lower walls of the channel. For simplicity, we restrict our discussion to the half width of the channel as shown in Figure 1 . The wall deformation is given by:
where b is the amplitude, λ is the wavelength, c is the wave speed, a 0 is the half-width of the channel at any axial distance X from inlet, and k is a constant whose magnitude depends on the length of the channel. We assume that the channel length is an integral multiple of the wavelength λ and that the pressure differences across the ends of the channel are constant. The flow becomes unsteady in the wave frame (x, y), moving with velocity c away from the fixed frame (X, Y). The transformation between these two frames is given by
where (u, v) and (U, V) are the velocity components, p and P are the pressures in the wave and fixed frames of references respectively. Pressure p remains constant at any axial station of the channel under the assumption of long-wavelength approximation. Using the following nondimensional quantities,
The momentum equation and energy equation after invoking (9) and (10) with the assumption of longwavelength (δ→0) and low-Reynolds-number (Re << 1) approximation, after ignoring the bars, can be written as follows:
where
The corresponding boundary conditions are
where ψ is the stream function
τ 0 is the minimum yield stress. Solving (11) subject to the boundary conditions (15) and (16), we obtain the velocity as
We find the upper limit of the plug flow region using the condition ψ yy = 0 at y = y 0 , so that we have 0 0
Taking y = y 0 , we get the velocity in the plug flow region as
Integrating (19) and (20) and using the conditions ψ p = 0 at y = 0 and ψ = ψ p at y = y 0 , the stream functions for y 0 ≤ y ≤ h can be written as
and for plug flow stream functions in the region 0 ≤ y ≤ y 0 can be written as
Using (19) , the solution of (13) takes the form
, 
The volume flux q through each cross section in the wave frame is given by 
The instantaneous volume flow rate Q(X,t) in the laboratory frame between the central line and the wall is
From (24), we have τ τ 
The Pumping Characteristics
Integrating (25) with respect to x over one wavelength, we get the pressure rise (drop) over one cycle of the wave as
The nondimensional expressions for the four considered wave forms are given in [13] by the following equations:
Sinusoidal wave:
Triangular wave:
Square wave:
( 1) ( ) 1 c os( 2 ( 2 1) ) . 
Graphical Results with Physical Interpretation
In this section, we have discussed the quantitative behaviour of different parameters involved in the problem. The exact solutions of the problem have been obtained and results are plotted for different parameters of interest. The graphs of velocity profile u(x,y) have been plotted for different values of yield stress threshold τ, power law index n, angle of inclination α, and flow rate Q in Figure 2a d. From the graphical description, it can be seen that velocity increases with an increase in yield stress threshold τ because when yield stress threshold increases, then more deformation will occur and molecules are put together, which increases the velocity, and with the rise in angle of inclination α, the channel becomes a little bit inclined and fluid rapidly falls down, which definitely increases the velocity field. It is observed that as we increase the power law index n, the channel will have very complex properties and the fluid will become thick, which decreases velocity, and a similar behaviour is noticed for flow rate Q. When we increase flow rate, more stress is placed on the fluid flow in the channel and the fluid moves slowly, which decreases the fluid. Figure 3a -d displays the effect of change in temperature due to the physical parameters, i.e., yield stress threshold causes more deformation because molecules are put together so the temperature profile increases gradually. Prandtl number Pr is defined as the ratio of momentum diffusivity (kinematic viscosity) to thermal diffusivity; thus, an increase in Pr leads to an increase in kinematic viscosity, and with the increase in kinematic viscosity, the temperature profile decreases. With the increase in angle of inclination α, the channel becomes a little bit inclined and fluid rapidly decreases, which increases the temperature profile, and an increase in flow rate Q leads to an increase in temperature.
In Figure 4a -d, the effects of ΔP against flow rate is observed for different values of τ yield stress, power law index n, angle of inclination α, and amplitude ratio φ. It is analyzed that the pressure rise increases with the increase in τ because when yield stress threshold increases than more deformation will occur and molecules are put together that increases the pressure rise and angle of inclination α, inclines the channel than fluid fall down rapidly and fluid flows rapidly that rise pressure rise, but pressure rise decreases for large values of power law index n and amplitude ratio φ because rise in power law index n fluid become complex and thick that decreases the pressure rise. A similar influence is observed for amplitude ratio φ with the rise in amplitude channel is more nonuniform than the fluid move very slowly than pressure rise increases. It is also observed that for a HerschelBulkley fluid, peristaltic pumping over the channel wall pumps against a greater pressure increase than a power law fluid. This type of behaviour is due to the presence of plug flow in a Herschel-Bulkley fluid. It is also seen that the square wave case has better pumping characteristics as compared with the other wave forms (see Figure 5a-d) , because the height of the channel for the square wave is easier as compared with the other wave forms, which is why the increase in pressure has more influence over the square waves, compared with other waves.
In Figures 6-9 , the trapping phenomenon is presented for different values of yield stress τ, power law index n, angle of inclination α, and amplitude ratio φ. We observed that the effects of yield stress τ power law index n and angle of inclination α decrease the size of the trapped boluses but increases the number of boluses because yield stress τ, power law index n, and angle of inclination α make the fluid complex and more streamlines encloses, which increases the number and size of the trapped boluses. It is also observed that the size of trapped boluses and their number increase with increasing amplitude ratio φ. Tables 1 and 2 give the numerical values of the velocity profiles of different flow parameters.
Discussion
We compare our present work with existing literature using λ = 0, m = 0 in the absence of heat transfer, and the results are similar to those of [10] , i.e., peristaltic pumping of a Herschel-Bulkley fluid in a channel. From the third column, we can see that the results are very close to our present work. Similarly, when, we put n = 1, τ 0 = 0, we get results similar to [14] , i.e., heat transfer to peristaltic transport in a nonuniform channel. Again, from the fourth column we can see that the results are very close to our present work, which confirms the validity of our results (see Table 3 ).
Concluding Remarks
We have investigated peristaltic mechanisms in a twodimensional nonuniform channel filled with HerschelBulkley fluid, and the main points observed are as follows: 1. Velocity field increases with an increase in yield stress threshold τ and angle of inclination α and velocity decreases with an increase in power law index n and flow rate. 2. As τ increases, the temperature profile increases, whereas decreases in τ lead to an increase in Pr. 3. Pressure increases with the increase in the ratio of yield stress τ and angle of inclination α, but pressure decreases for large values of the power law index n and amplitude ratio φ. 4. The square waves have better pumping characteristics compared with the other wave forms. 5. An increase in yield stress τ power law index n and angle of inclination α decreases the size of the trapped bolus but increases the number of bolus. It is also observed that the size of trapped bolus and their number increase with increasing amplitude ratio φ.
